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ABSTRACT: We present a theory for the equilibrium structure of polyelectrolyte solutions. The main
element is a simple and general optimization scheme that allows theories such as the random phase
approximation to handle the strong repulsive forces present in such systems. Charged hydrophilic rods
in salt-free solution at semidilute densities are examined. The effect of including condensed counterions
is analyzed. Comparison with other theories is made. Results of experiments of hydrophilic polyelectrolytes
with monovalent counterions in salt-free solution have shown that the structure factor peak position
and height can become invariant at high charge fraction. We show that this invariance may be the result
of polymer—polymer correlations rather than the conventional explanation involving counterion condensa-
tion. On the other hand, as determined by the osmotic pressure, it is found that the solution can become
mechanically unstable to macrophase separation at high charge fraction. In this case, adding explicit
condensed counterions acts to stabilize the liquid, that is, intrachain correlations between condensed

counterions, not contained in the idealized Manning—QOosawa theory, must be included.

1. Introduction

Polyelectrolytes continue to be of great research
interest due to their use in many industrial applications,
as well as their presence in biological systems. While
polyelectrolytes can have complex architectures and
interact with themselves and their surroundings in
many different ways, in this work, we focus on their
general characteristics. Specifically, this work describes
a theoretical study of the liquid structure of long, linear
polyelectrolytes in solution.! Even for this “simple”
system, the properties of polyelectrolytes have proven
to be rich, with many unanswered questions even after
more than fifty years of study.2*

There have been two basic theoretical approaches to
the study of liquid structure in polyelectrolyte solutions.
In one, the motion of the polymers is restricted or
neglected and the object of interest is the correlations
between the counterions and the stationary polymers
or between the counterions themselves.>6 The mean-
field Poisson—Boltzmann (PB) theory”® is commonly
employed. It has been successful in predicting the
counterion distribution about isolated rods or in periodic
cells in comparison with simulations of the same
geometry or even experiment.?~11 However, this agree-
ment is restricted to cases in which the mean-field
approximation is valid. The usual rule is that PB theory
is less reliable if the density of polymer is high or the
system is far above the Manning—Oosawa (M—O0)
condensation limit, i.e., the Bjerrum length is large or
the counterions are multivalent.8~1° On the other hand,
extensions of PB theory that account approximately for
steric repulsion between ions and other ion—ion cor-

* E-mail address: jdonley@mailaps.org.
10.1021/ma049264m CCC: $30.25

relations have yielded qualitative agreement with simu-
lation or experiment for charge inversion® and counte-
rion layering at surfaces.!? Also, an extension of the
theory to dilute assemblies of randomly ordered rods'?
performs well in comparison with simulation.!* A varia-
tion of this approach is to analyze the forces between
two or more rods due to their direct interactions and
the surrounding counterion cloud.®15~17 In this manner,
“counterion-induced attractions” can be examined. This
mechanism is usually given as the explanation for the
negative osmotic pressures observed in some simula-
tions!118 of charged rods that the basic PB theory itself
does not capture. The second approach is complemen-
tary to the first. Here, correlations between polymers
are of first importance. Typically, the free counterions
are treated in a Debye—Hiickel (D—H) approxima-
tion,’721 though in some studies, they have been
included explicitly.21—25

Here, we take the second approach. The main reason
for this direction is that most experiments are of
isotropic liquids, so this route allows one in principle to
make direct comparison with scattering experiments.
We restrict our analysis in this work to densities in
which the correlations between polymers are expected
to be the strongest: the semidilute regime. There
already exist theories for liquid structure for these
densities.’®~22 However, each has either not been ap-
plied to or not been shown to be consistently reliable at
large, experimentally relevant, interaction energies and
charge densities. For example, consider the Manning
parameter, &y = [p/b*, which is one measure of the
strength of interactions in a polyelectrolyte system.?
Here, Ip is the Bjerrum length, which is the range at
which the Coulomb energy equals the thermal energy:
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e%/(ekgT), where e, €, kg, and T are the electron charge,
solvent (usually water) dielectric constant, Boltzmann’s
constant, and absolute temperature, respectively. The
length b* is the distance between charges along the
chain. For typical highly charged polyelectrolytes in
water &y ~ 3.2627 We know of no theory, one that
includes explicit counterions and models properly the
local correlations in the liquid, that has been shown to
have a convergent solution for long chains throughout
the semidilute regime at these large values of &y.
Theories that model counterions implicitly using, e.g.,
screened Coulomb interactions between polymer mono-
mers, can give solutions at higher values of the Manning
parameter, but the D—H modeling of counterion behav-
ior makes the accuracy of their predictions unknown in
the absence of quantitative comparison with simulation,
experiment, or more realistic theories.

Our goal here is to create a theory that can be
compared quantitatively with experiment at these large
Manning parameters. Despite its simple form, the
random phase approximation (RPA) can give reasonable
predictions for the free energy of polyelectrolyte solu-
tions.28-30 However, theories such as the RPA fail for
structure because they model incorrectly the behavior
of the liquid on short and intermediate lengthscales
(which translates to a failure on long lengthscales also).
Our solution here is to improve the behavior of theories
such as the RPA on these lengthscales by generalizing
a technique popular in liquid-state theory for short-
range interactions to the intermediate-range ones in
charged systems. When applied to the RPA, the result-
ant theory is able to handle the strong polymer—polymer
repulsions yet is also able to include the effect the
explicit counterions at large interaction energies. Im-
provements in counterion—polymer correlations are
then done by adding condensed counterions (CC’s) to
the theory using a model such as the popular two-
state.?829:31 In this manner we can attempt to answer a
number of questions that have arisen from experiment
yet have not been analyzed by any theory in a quantita-
tive way. Since the RPA theory is used as the base
theory, effects that rely on strong three-body or higher
correlations such as counterion-induced attractions are
not expected to be modeled well. However, if the RPA
proves to be insufficient, the optimization technique
introduced here can be applied to other theories.

The space of possible polyelectrolyte systems is im-
mense. In the work here, this “range-optimized” (RO)
theory is applied to the simplest polyelectrolyte sys-
tem: uniformly charged rods with hydrophilic back-
bones and monovalent counterions in a salt-free, con-
tinuum dielectric solution. This system is known as the
rod “primitive” model of polyelectrolytes. It is well-
known that charged rods can order nematically at high
density; so, given that most experiments deal with
flexible chains, it might seem that including chain
flexibility would be a better first test of the theory.
However, as chain structure for flexible chains varies
greatly with density, charge fraction, etc., including that
aspect would cloud the basic predictions of the theory,
so it has not been included. Following work of others?32
using the polymer reference interaction site model
(PRISM), the theory here could be extended to describe
nematic ordering, but the results below will deal only
with the isotropic case.

The remainder of this work is organized as follows.
In Section 2.1, we discuss the basic field theory approach
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to the RPA and its higher loop improvements and our
method to improve them. In Section 2.2, we discuss how
to solve numerically this range-optimized RPA theory.
In Section 2.3, we discuss the various models of the
polyelectrolyte solution that we will explore, one being
the “two-state” that includes the effect of condensed
counterions. In Section 2.4, we present our form for the
system free energy used to compute the number of
condensed counterions per chain in this two-state model.
In Section 3, we present results of the RO—RPA theory
for the semidilute regime for various models and
compare with the RPA and other theories. We find that
this RO—RPA theory predicts a number of interesting
qualities of the structure factor and radial distribution
function. In Section 4, we summarize our results and
discuss future work.

2. Theory

2.1. Range Optimization. The system of interest here is
a mixture of charged polymers with dissociated counterions
in polar solvent. However, for generality, consider a liquid of
different types of molecules in a volume V at temperature 7.
Let all molecules be composed of spherical sites, and let Ny
be the number of molecules of type M and Ny denote the
number of sites of type £ on a molecule of type M. Then, the
average molecule and site number densities are py = Ny/V
and pumr = NulNui/V, respectively. Let all sites possibly be
charged with Zy;, denoting the valency (0, 1, ...) of a site of
type k& on a molecule of type M. All interactions are assumed
to be pairwise decomposable; so, let uumar(r) be the potential
between a site of type £ on the molecule of type M and a site
of type &' on a molecule of type M' a distance r = |r| apart.
For present purposes, uyriri(r) is infinite for r < oamarr, Oumrare
being the hard-core diameter between the two sites. For r >
ourmrr, the potential has a long-ranged tail, wuupprr(r) =
u},}kM.k.(r). Depending on the model, this long-ranged tail has
either a Coulombic or screened Coulomb form. It can also
contain a shorter ranged component to mimic a van der Waals
interaction or hydrogen bonding. In what follows, all interac-
tions are scaled in units of the thermal energy, kg7

In this work, we focus on understanding mainly the density
correlations in a polyelectrolyte solution in equilibrium. Most
experiments probe these correlations using scattering tech-
niques. To this end, let I(g) be the intensity of scattered
radiation (light, X-ray, neutrons, etc.) at momentum transfer
q. We restrict ourselves here to static scattering experiments
so I(g) is independent of time. In the single scattering limit,
i.e., Born approximation, I(q) is proportional to the weighted
sum of the partial structure factors Suymurz(q). The inverse
Fourier transform of the structure factor is the density—
density correlation function and relates theory to experiment.
It is defined by

Srare ™) = Wopp () = 033)(Ppr(0) = ppry)0 ey

where
Par(r) = 26(1' ~ Tiika) (2)

is the microscopic density of sites of type £ on molecules of
type M at position r, with ry.. being the position of the ath
site of type £ on the ith molecule of type M. The brackets
denote a thermodynamic average, and d(r) is the Dirac “delta”
function. This correlation function can be separated into intra-
and intermolecular pieces, Quumr(r) and Humyrr(r), respec-
tively:

Sinr(r) = Quagarie(r) + Hypaie(r) @)
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The intramolecular structure function is defined by

Qg (r) = pMéMM'ZB(r ~ Tyne T Oyp)d (4
@

where Opyar is the Kronecker delta. This function can be
computed either a priori if the molecular architecture is
known, as for rod polymers (see below), or self-consistently
along with intermolecular correlation functions such as Hyparr-
(r), as for flexible polymers.1%33-35 The total intermolecular
correlation function Humarw(r) = purpsrr |€urarn(r) — 11, where
Surmrr(r) is the radial distribution function defined by

i (1) = WVo(r = rypipe + Targrp)d  (5)

ME-YM'E' @,

To compute these intermolecular correlations it is helpful
to define a function

Apiari () = [y, () Py (0)0 (6)

where the field ¢u(r) is conjugate to pur(r), as defined by the
Hubbard—Stratonovich transformation (i.e., generalized Gauss-
ian integral).?® A well-known, simple, and exact relation
between A and S is?’

Sutrarr(r) = tagigp(r) = N;

-1 % %, 1
Unient ™ A ™ Upnrpagr ™) (7)
v

where the asterisks (*) denote convolutions
A*B(r) = f dr' A(r — r)B(r') (8)

and the quantity u,/,,,,(r) is the functional inverse of uymari-
(r) defined by

3 e = P shels’ = 1) = Syl = 1) O

In terms of the potentials, u, and molecular structures, the
effective interaction, A, has the form

Astiori ™) = Ungiari () + Quguarie(®) + Epparp@)  (10)

where Cyrarn(r) contains all terms beyond one-loop order. If
one lets Cyparr(r) = 0, then combining eqs 3, 7, and 10 yields
the familiar RPA equation for Hyrw(r). The advantage of the
RPA expression is that it is simple to solve yet produces an
important property of real liquids: screening. The disadvan-
tage of the RPA is that it does not work well for structure if
the interactions are strong. For example, the RPA predicts for
rod polymers that the first nonzero peak wavevector, qmax, in
the monomer—monomer structure factor Spmpm(q) = Smm(q)
scales with density pm in the semidilute regime as p,, with
exponent v = 1/3. On the other hand, experiment and simula-
tion have shown that v ~ 1/2, which is also the value for dense
hard-core molecules.® It is thought that the cause of this
deficiency and others is that the RPA does not model well the
short and intermediate lengthscale density correlations, in
particular the large repulsion between like-charged molecules.
This deficiency in turn causes the long-range correlations to
also be incorrect. One remedy is to compute the higher-order
terms embodied in Cuar(r) in some approximate manner,
usually by partial diagram summation. There have been some
successes with this approach.’ However, the need to handle
the strong interactions, polymer nature, and other effects all
at once makes this path a difficult one.

There have been other attempts to correct these short and
intermediate lengthscale deficiencies (and almost all of these
are in the context of computing the free energy to obtain
thermodynamics). An interesting method due to Ermoshkin
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and Olvera de la Cruz is to introduce a density-dependent
cutoff into the field theory.?? This cutoff enables the theory to
overcome the breakdown of the RPA on lengthscales shorter
than the correlation length and attain qualitative agreement
with the predictions of Jiang et al.?8 for the phase behavior of
polyelectrolytes. However, by neglecting fluctuations on length-
scales smaller than, e.g., the correlation length, the coupling
of these fluctuations to longer-wavelength ones is also ne-
glected. While it appears that such coupling may be less
important for thermodynamics, it is very important for liquid
structure. Another method is to apply the “EXP” approxima-
tion of Andersen and Chandler®® to polyelectrolytes.3® While
this method does enforce the positivity of the radial distribu-
tion function, it neglects the coupling of this change in g(r) at
short lengthscales to longer-wavelength ones so that, for
example, the density dependence of the correlation length is
no different than for the RPA. As a consequence, we take an
alternative path and ask the question: Is it possible to make
the RPA adequate for describing density correlations given a
suitable reinterpretation of the interaction potentials?*’ The
goal here is not necessarily to capture three-body effects such
as counterion-induced attractions or even condensation (though
including such effects would surely be welcome) but just the
ordering and screening in the liquid.

The failure of the RPA to model well the large repulsions
between like-charged molecules is manifested in a large
negative radial-distribution function g(r) for short distances
even though that function is intrinsically nonnegative. For
short-range repulsive, e.g., hard-core, potentials, one remedy
to this deficiency in the radial distribution functions was
proposed by Andersen and Chandler (AC).*° Their idea was
to replace the true potential, u, by an optimized one, @&pri-
(r). For distances r < oyarr, Gnmrarr(r) takes a value such that
the hard-core condition is satisfied, i.e., gyrari(r) = 0. Outside
the core, @y (r) can be set equal to the original potential,
u(r), which is long-ranged and presumably weak. In this way,
higher-order diagrams neglected in the theory are summed
in an approximate manner to enforce the core condition. When
applied to the RPA, this optimization scheme is a generaliza-
tion of the Mean Spherical Approximation (MSA) closure*! to
the Ornstein—Zernike (OZ) equation,*? and a closely related
scheme has been shown to be diagrammatically proper**** for
one generalization of OZ to molecules, the theory of Chandler,
Silbey, and Ladanyi (CSL).#> This optimized RPA or ORPA,
usually with long-range potentials absent, is more popularly
known as RISM for small molecules*® and PRISM for poly-
mers.*’

Unfortunately this Andersen—Chandler optimization is not
very useful for polyelectrolytes. One reason is that the contact
energy between ion and counterion seems to be less important
than the interaction energy of the counterion with the whole
chain. Hence, enforcing the hard-core behavior between op-
posite charges matters less than modeling correctly the chain
structure, e.g., determining the bond length, 6. A more
important reason is that the repulsion between like-charged
polymers is usually very large. This causes the radial distribu-
tion function to be effectively zero out to a distance that
appears to scale with density in the semidilute regime in
the same manner as the D—H screening length. For highly
charged chains, this distance is usually much larger than the
hard-core size.?°~2248 Hence, enforcing the core condition
produces little improvement in the theory for long polyelec-
trolytes.

Here, we propose an alternative scheme: we optimize the
range of the pseudo-hard-core portion of #(r), and not just its
amplitude. By this we mean that if g(r) is nearly zero out to
some distance, then it makes little difference whether this
exclusion zone is caused by a hard-core potential or a Cou-
lombic one. This effective hard-core diameter o5, is deter-
mined by requiring that guyzurr(r) be nonnegative everywhere
(not just zero inside the core). The closure to the theory then
is
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— eff
e ™) =0, 1 < Oppapyy
- £
Ppgearre (™) = Uagagre Ty T > Opgrage (an

and the range 0%, of the hard-core interaction is chosen to

have the smallest value such that guyarr(r) > 0 for r > U%M.kl
subject to the constraint that aﬁiM,k, > OMeME-

While eq 11 is a general relation, the simplest way to explore
its consequences is to apply it to the most basic theory
appropriate for molecular liquids, the RPA. The rest of this
work will focus on that application. We shall refer to this
theory as range-optimized RPA, denoted as RO-RPA. With
known forms for Quri(q) and the potential wupmare(r), as well
as setting Curmrn(r) = 0, eqs 3, 7, 10, and 11 form the closed
set of equations for the RO-RPA theory.

2.2. Numerical Solution. In this section, we discuss how
the RO-RPA theory is solved numerically. The method is very
similar to the standard Picard type used in atomic Ornstein—
Zernike theory or molecular or polymer RISM-type theo-
ries. 4749

Given the mixed closure, eq 11, it is necessary to solve for
hosgearr(r) = urarr(r) — 1 and @pare(r) simultaneously. In RO-
RPA, as in RISM or PRISM, all integrals are convolutions and
reduce to products in reciprocal space, and so are solved using
Fourier transform methods. However, the difficulty of solving
for correlation functions for a polyelectrolyte system over the
more-common van der Waals ones is that the long-range
Coulomb interaction requires that the system size, rmax, be
effectively infinite to perform any Fourier transform. One way
to deal with Coulomb systems while keeping rma.x of moderate
value is due to Hoye, Lomba, and Stell.2%5° The basic idea is
to solve exactly for the theory in the large r limit and then
subtract that behavior, yielding a theory in which the functions
rapidly go to zero as r — o (at least away from the critical
point). The description below applies to systems in which the
molecules interact through full Coulomb potentials, but it can
be trivially modified to also handle others as well. The

coul

Coulomb potential wyy,,. () has the well-known form:

VAYVAYIY
i) = = (12)

First, using eqs 3, 7, 10, and 12, it can be shown easily that
since @umrr(r) — uihp(r) as r — o, then Amparr(r) —
Ry, the RPA solution for hyeyr(r). Thus, @mere(r) and

hanmrr(r) can be split into short- and long-range pieces,

g™ = Uappare ™ + Wngpp (1)

Pt = Pagiagie ™) + Ry () (13)

Here, “rpa” denotes the RPA solutions of these functions with
@ (r) set to wihty . (r) = wigth(r) for all r. For an atomic
Coulombic system, the RPA solution for Ay (r) and its
Fourier transform, hjppy.(q), can be solved exactly analyti-
cally. These exact solutions can be used then to obtain
numerically the molecular form for A5, (r) and its Fourier
transform.?! The functions @ and A" are short ranged and so
can be Fourier transformed in the usual manner. With these
equations, the resultant theory is solved as follows. An initial
guess is obtained for all the effective hard-core diameters,
oo - Then, with an initial guess for @mri(q) and the
previously obtained ujj,(q), the function Aypare(r) is deter-
mined using the RPA equation, making sure to subtract
hygire(Q) before inverse Fourier transforming and then add-
ing back Ay, (r) afterward. With Zygare(r), a new function
e is defined. This function equals gyruer(r) inside the
core, r < 041 but is set to zero outside. A new function is
defined
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YaaenrrT) = PyPar Qzﬁm * g;IlN'l' * QXWIZ'M'k'(’" )+
pzl.
ypar(r) (14)

Upon convergence, g=<(r) vanishes but is added to accelerate
convergence without changing the final result. With yuur-
(r), the closure, eq 11, above can be used to obtain new values
for @

eff
~ ST r) = yMkM’k’(r)’ r< OyeME (15)
Unere\T) =\ ~1ir ~rpa eff
LpgpariT) = Gpgarr (1), T > Opgrare

Note that ©!"(r) is not necessarily equal to u™(r) = u®(r) if
other short-range interactions such as van der Waals are
included. The solutions are then mixed, typically at an old-
to-new ratio of 99:1 and Fourier transformed to obtain the new
@yre(@). The equations are iterated until convergence is
obtained. With this new solution, it is determined whether
each component gayrr(r) > 0 for all r. If it is not, then aj’é‘}eM,k,
is increased. If it is and if oﬁﬁM.k. > omemr, then it is
determined if gyryrr(r) is approximately zero at r = aigeM,k,. If
it is larger than some amount, e.g., 1073, then oS, is
reduced. Given these new values, the above algorithm is solved
again for gymarr(r). Depending on the initial guess, it takes
typically two to eight iterations on the effective hard-core
diameters to achieve convergence.

The functions were solved on a grid of Nia, points for 0 < r
< rmax With a spacing Ar (or Aq = w/(N.tAr) in reciprocal
space). The number of points and grid spacing typically vary
with density.

Last, all computations were performed on an Athlon PC
running under either RedHat Linux 7.3 or SuSE Linux 9.0.

2.3. Polyelectrolyte Models. We will consider in this work
four models of polyelectrolytes in solution. There will be three
types of sites for these models: polymer ion monomers, free
counterions, and counterions confined to the surface of the
polymer backbone. To fix notation, let “c” and “m” denote
counterions and polymer monomers, respectively. Also, let “p”
and “f” denote the polymer and counterion molecules, respec-
tively. For example, “fc” denotes a free counterion site.

As stated above, we confine our analysis to charged rod
polymers and their associated counterions in salt-free solution.
The monomers and counterions are monovalent, and the
polymer backbone is taken to be intrinsically hydrophilic. We
further assume that the polyelectrolytes are “strong”. By this
term, we mean that all monomers that have dissociated remain
so under all conditions. The charges then are quenched as
opposed to annealed. We also assume that effects of the solvent
can be well captured by a single quantity, the dielectric
constant, ¢, that appears in the Bjerrum length, /5, defined
above. We then ignore possible effects such as the solvent
surrounding the polymer and counterions and shielding them
from each other. That is, we assume that the local structure
of the liquid does not matter much for the phenomena that
we shall explore. We then need not be too precise in modeling
the local chain architecture or even the monomer sizes. To that
end, we let all monomers and counterions be of equal size, so
oy = o for all MEM'E'. For simplicity, we also let the
polymer bond length & = ¢. Since the polymers are intrinsically
hydrophilic polymers, we can ignore any other interactions
except Coulomb (or screened Coulomb) in u}y,..(r). Most
synthetic polyelectrolytes are randomly charged.?62” We model
this randomness of the polymer charge by letting our model
polymer be uniformly charged, but allowing the monomer
charge, Z,, = Zn, to vary continuously: 0 < Z, < 1,80 Zy =
f, the per chain average fraction of charged monomers. We set
Zye = Zg = Z. = — 1. With a known monomer density ppm =
Pm, the total counterion density p. = ppc + pte is determined by
charge neutrality: ZyZyrpmr = 0.

With the restrictions or assumptions above, it is of interest
to then examine predictions of models with varying degrees
of realism. Here, we consider four models of polyelectrolytes
in solution: the minimal, primitive, two-state implicit, and
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two-state explicit. In the minimal model, the system consists
of a gas of charged rods with sites that interact via a screened

: Ir __ ,.sC
Coulomb potential, so u,, (r) = u; (r), where

Z 2y

Upen(r) = exp(—«r) (16)

and the inverse D-H length « =

\/471BZ ?p, is due to the counterions. In the primitive model
(used in analogy with the primitive model of electrolyte
theory), the system consists of a gas of uniformly charged
polymers (rods here) and counterions with sites that interact
via a full Coulomb potential, 80 w}y(r) = uigis(r), given
by eq 12 above.

screening

As will be seen below, the range optimization technique
allows one to modify a theory so that the large repulsions are
handled properly; however, it appears to improve ion—coun-
terion correlations only moderately. When applied to, for
example, the RPA, the resultant theory still underestimates
correlations between oppositely charged sites. As a conse-
quence, it will be interesting to explore the effects of improving
monomer—counterion correlations by some means. The sim-
plest way to do this is to use the popular two-state model 282931
In this model, the counterions are divided into two species,
“free” and “condensed”. Free ones are treated as in the
primitive model. Condensed ones are bound to the chain. Each
chain has the same number of CC’s, Ny.. The average number
of CC’s is determined by constructing a free energy for the
system and then minimizing it with respect to Ny. To
determine the free energy, we make the standard assumption
that the above model of condensed counterions provides a
better estimate of counterion behavior near the chain than the
original theory.?®2?% If so, then by minimizing the free energy
with respect to Ny, one obtains improved polymer—counterion
correlations by obtaining a better estimate for the free energy.
The region of motion of the counterions is split so that the
“free” ones are excluded from sampling the CC states and vice
versa.?8 In this manner, N, will always be nonzero, but for
the densities that we consider here, N, will be negligible until
the system approaches the idealized M—O condensation
threshold. Here, we treat the CC’s in two ways, implicitly and
explicitly. In the first, the system is the same as the primitive,
but the monomer charge, Z,, is reduced to account for the
CC’s: Zpm — Zpm + Npo/NpmZpe, where Npy, is the number of
backbone monomers per chain. The idea behind this ap-
proximation is the common one that the main purpose of CC’s
is to reduce the effective charge on the chain. In the second,
the CC’s are treated as an additional type of site on the chain
with interactions that are the same as in the primitive model.
In this explicit model, the CC’s are confined to the surface of
the chain but are allowed to freely translate along its length.
Let the polymer backbone be along the Z axis with an end
site at Z = 0. Allowed CC states were then at Z =0, b, 2b, ...,
(Npm — 1)b, with a radial distance r = o and possible azimuthal
angles ¢ = 0, 71/2, 7, and 37/2. Having only discrete states was
done for computational efficiency; other ways to model the
surface floating of the CC’s changed N, by a few percent at
most as long as Npo/Npm < 1/2. The main difference between
the implicit and explicit models is that the latter allows for
intramolecular correlations between CC’s. As we will see
below, the differences between these two models can be large.

2.4. Intramolecular Correlation Functions and Free
Energy. The theory above is completed by specifying the
intramolecular correlation functions and, for the two-state
model, the number, Ny, of CC’s per chain. The latter requires
an evaluation of the system free energy.

Since the chain backbone is a rod, the Fourier transform of
the monomer—monomer intramolecular correlation function,
eq 3, has the well-known form:
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mepm(q) =
Npm—1
Ppm| 1+

pm =

(N — 0sin(agb)/(agb)| (17)

If the CC’s are implicit, then knowing Qumpm(q) is sufficient.
For that model, one then just reduces the monomer charge
Zom t0 Zym + Npo/ NpmZye to account for the CC’s. For the explicit
model, the CC’s are a separate type of site and so Qpmpc(q) and
Qpepe(@) must be also computed. The simplest way to compute
the chain statistics is to use the very popular concept of an
effective single-chain Hamiltonian, 7@?{ rv}, where {rm} de-
notes a particular configuration of the chain.?! It has the form

-WMEH{ ry} =
Tl + Z;u%m’(rmm = Tyep)(1 = Op04p) (18)

where Zom{rm} is the “bare” Hamiltonian for a molecule of type
M in a configuration {rm}. It contains bonding potentials and
other constraints. As discussed in Section 2.3 above, the CC’s
are constrained to lie on the surface of the chain backbone but
are free to translate up and down it, and so .%u contains such
information. The function Sy, (r) is an effective potential
between sites of type £ and &' on a molecule of type M. It
contains the direct potential wppu(r) (ignoring those terms
already in %) and a medium-induced potential wjb, (1)
that mimics the effects (mostly screening) of the other mol-
ecules in the liquid. This medium-induced potential thus
depends on intermolecular correlation functions such as gy~
(r), and so normally they and the Q’s would be computed in a
self-consistent manner. However, for rods for the cases con-
sidered in this work, it proved sufficient to just let uSr .. ()
have a screened Coulomb form outside the core. That is, we
let

T < Oppmr

m’
eff —
Wy ™) = ZagZwnls exp(—k), T Oy (19)

where the inverse screening length «; = /47lyp, 22 +0,27] is

due to both ions and counterions. Given eqs 18 and 19, it is
straightforward to compute the intramolecular structure func-
tions by Monte Carlo simulation.

The second element needed for the two-state model is an
expression for the total system Helmholtz free energy, Fi.. For
this system, F is a function of V, T, and Ny(or Nym), so it can
be written as VAT, p,) where [ is the free energy density. The
number of counterions is fixed by charge neutrality and so is
not an independent variable. Minimization of this free energy
with respect to Ny will yield the average number of CC’s per
chain and thus complete the theory. Since we have chosen to
demonstrate the consequences of our range optimization
approach using the RPA theory, one might think that using
the RPA expression for Fi, with u(r) — @(r) would give an
accurate value for Np,.. However, if this form is used, we find
that Ny = 0 for RO-RPA for cases with realistic temperatures
and bond lengths. So instead, we employ the charging method
to compute Fiot.

In the charging method, F', can be represented as a sum of
contributions,

Fi=Fiq + Fy. + Fy, (20)

First, Fiq is the free energy with all hard-core and long-range
interactions turned off. We find,

3
o N
FofV = plog(p,0) + pflog(L) — plog(Z,) +

1-p,N,W0

{irrelevant terms} (21)
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where pp, and pr are the polymer and free counterion molecular
densities, respectively, and N0 is the region of motion of a
CC. Since the monomers and counterions are the same size
and mass, in eq 21 we have set both their thermal wavelengths
equal to the hard-core diameter, o, for convenience. Here, Z
is the reduced partition function for a single molecule with
all nonbonding potentials turned off. For rods, we count only
the entropy of CC’s and so let?2°

~ N0
log(Zy) ~ N, log 3 (22)

Npco
In the above CC model, the CC’s are confined to the chain
surface. Hence, the region of motion excluded from the free
counterions is just the chain backbone volume. So, /0% ~ 1.
The term F}, is the contribution to Fiy from turning on the
hard-core interactions from the ideal state. It has the usual

form:52

F,JV=

27 1
?}% ;(UMkM'k')3 j; dx oypPrrr@atiarn " Oygiary 5 %) (23)

Here g\0.,%(r, %) is the radial distribution for a hard-core
system with a hard-core interaction range of x3oazarr. Letting
r = xBoymrr + means that the function is evaluated at contact.
This hard-core term contributes less than a few percent to the
value of Fi, at high charge fraction at the densities we consider
in this work but is retained for completeness. We ignore the
intramolecular hard-core contribution to the free energy.

Last, Fi, is the contribution to the free energy from turning
on the long-range (e.g., Coulomb) interactions with the hard-
core interactions already on. One can easily show that

1 " 1
PV = 5}; Z f dr wypap(r) J(‘) dAlorPrrr&mare (T, A) +
Q'MkM'kv(r,/l)] (24)

Here, gyimr(r,d) and Q' yeari(r,l) are the radial distribution
function and intramolecular structure function for a system
with full hard-core but partial strength long-range interactions
Auyam(r). The accent on Q(r) indicates that the self-scatter-
ing term has been removed. Since the intramolecular structure
functions are computed by Monte Carlo simulation, it is a
tedious process to compute Q'yarr(r,A) for each point in the
integral over 1. Instead, we compute all charging integrals,
including those in F',, by assuming that Q' s (r,A) ~ Q' ypare-
(r,1), i.e., its value at full strength. This additional assumption
does not matter for the implicit model (or the minimal or
primitive) since Ny is constant during the charging anyways,
and so our expression for F, is essentially exact for that model.
For the two-state explicit model, it is approximate since the
monomer—CC and CC—CC correlations change as the interac-
tions do, even though N is constant. However, our aim here
is not a value for the free energy, but only for the position of
its minimum with respect to Np.. So, while this approximation
will cause N, to be overestimated, we do not regard that
overestimation to be too severe.

To compute the average Ny, we first set it to some value
and then compute the full strength chain structure functions
Q’s via a Monte Carlo simulation. The charging integrals Fi,.
and F), are then computed. The PRISM and RO-RPA theories
are then used to compute the hard-core and full g(r)s,
respectively, according to the algorithm in Section 2.2 above.
Now Fiy is known. We then increment N, and repeat the
above procedure until the minimum of Fi is determined.

3. Predictions of the RO-RPA Theory

As stated above, our system consists of a solution of
uniformly charged rod polymers and their completely
dissociated counterions in a salt-free, dielectric con-
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tinuum. A common polymer used in experiments is a
copolymer of acrylamide with sulfonated comonomers
which has a bond length b ~ 2.5 A.2” The Bjerrum
length for water at room temperature is lp ~ 7.1 A. We
thus let Ip/b = 2.85 for all results below. For reasons
discussed in Section 2.3 above, we set b = 0, Z. = — 1,
and let Z,, = f vary continuously from 0 to 1. We let
Npm = 400 in all results below. With this monomer
number, the chain overlap density p*o® ~ 107° and is
small enough to give a large semidilute regime. The grid
spacing, Ar, and number of grid points, N,, vary with
monomer density. For example, for p,0® =3 x 1072 and
3 x 1075 we used Ar = 0.025, N, = 214 and Ar = 0.2, N,
= 2,15 respectively. One reason for this variation is that
the effective interaction range at large f in the semidi-
lute regime appears to scale with density in the same
manner as the D—H screening length, i.e., as p, 2.
Another reason is that the grid spacing determines the
precision that one can determine the effective hard-core
diameters, o5y .. This graininess matters less for
computing correlation functions but more for computing
the free energy Fi., eq 20, used to calculate the number
of CC’s.

To determine the average number of CC’s in the two-
state models, the charging integrals in F},. and Fi,, given
in eqs 23 and 24, were computed using the trapezoidal
rule with n;,. and n;;, points, respectively. For all the
results shown in this work, we set n;n. = 1 and nj, =
10, except for greater accuracy at large charge fraction,
f, we sometimes set n)n. = 5 and nj, = 20.

In the results shown below, by “RPA” theory, we mean
that the RPA equation for g(r) is used and the potential
uprark(r) is set to the Coulomb potential uSo .. () for r
> ¢ and zero for r < o. Setting the potential to
zero inside the core rather than letting upmprp(r) =
uﬁ}};}w »(r) for all r or employing, e.g, the optimized RPA
approximation, seems to matter only for very high
densities or small charge fractions, f, that is, when the
hard-core nature of the polymers becomes important.
Hence, while this definition of the RPA theory should
be kept in mind when interpreting the results below,
the precise approximation to handle the potential inside
the core actually does not matter much for the phenom-
ena in which we are interested.

3.1. Radial Distribution Functions. First, we
examine how range optimization changes the behavior
of the radial distribution functions g (r). Figures 1
and 2 show various g(r)’s predicted by the RPA and RO-
RPA theories, respectively, within the primitive model.
Here, pno® =3 x 1073 and Z,, = f = 1. For this density,
the D—H screening length due to counterions & =
(4nlpZ2p.)~12 ~ 30. The meaning of the curves is shown
in the figure legends. As can be seen in Figure 1, the
RPA gives strongly negative pmpm = mm correlations
for r < 60 ~2&. The fcfc correlations are also slightly
negative near contact. The RPA then poorly models the
correlation hole effect, as is well known. Now, as can
be seen in Figure 2, if one uses the range optimization
prescription given in Sections 2.1 and 2.2 above, one
finds that the pmpm and fefc correlations are indeed
improved, as the positivity of g(r) is now obeyed. It can
also be seen in Figure 2 that the range optimization also
increases somewhat the pmfc correlations. While this
increased enrichment of counterions near the chain is
less than one would expect from an exact theory, it does
show that even correlations between attractive sites can
be improved by RO. At high charge fraction, we find that
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Figure 1. RPA primitive model predictions for the partial
radial distribution functions gurr(r) as a function of scaled
distance r/o. Here, pmo® = 3 x 1072 and Z,, = f = 1. The
meaning of the curves is shown in the figure legend.
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Figure 2. RO-RPA primitive model predictions for the partial
radial-distribution functions guemrr(r) as a function of scaled
distance r/o. The conditions are the same as in Figure 1.

o scales roughly as pfn

ompm in the semidilute regime,
i.e., in a similar manner as the screening length £. On
the other hand, as a function of charge density, ;fi "
increases with increasing f, which is opposite to the
behavior of & This lack of complete correspondence
should be kept in mind when interpreting the physical
meaning of o5 1,

However, the RO prescription needs to be augmented
for the two-state explicit model. For that model, as
stated above, CC’s are added to the chain such that it
becomes a quasi-polyampholyte. If the CC’s are a
minority component, i.e., Npc < Npm, then upon range
optimization, one also finds a moderate correlation hole
for the pmpc and pcpe correlations but also a large
enrichment near contact with a value equal to or greater
than gpme(r). Since ngrflpm 90 and the condensed
counterions lie on the polymer backbone, the closest
distance of approach of two CC’s on different chains
should be 7o0. Hence, this strong enrichment near
contact seen in gpmpe(r) and gpepe(r) is incorrect. Exami-
nation of other properties of the RPA theory seem to
show that this incorrect behavior is an artifact of the
RPA theory for heterogeneous polymers, though the
effect is magnified by the range optimization scheme.

Both RO-RPA and PRISM theory employ an optimi-
zation scheme to handle strongly repulsive potentials
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Figure 3. RO-RPA and DRL/LWC minimal model predictions
for the monomer—monomer radial-distribution function gmm-
(r) as a function of scaled distance r/o for Z,, = 1, Nym = 100,
and pno® = 10711 ~ 0. The DRL/LWC result is essentially exact
at this density.

and it is well known that PRISM can yield an incorrect
scaling for the critical temperature with molecular
weight for polymer blends if the MSA closure is used.*’
On the other hand, the theory of CSL* has been shown
to perform properly** with the MSA. The relevant
difference between the two theories is thought to be that
RISM-MSA is not diagrammatically proper while CSL-
MSA is.44% It is unclear at present whether the
magnification of the anomalous behavior of the RPA
seen here is related to deficiencies of PRISM-MSA.
However, since the range optimization scheme is pri-
marily a modification of the range of the hard-core
potential within the MSA, its application to CSL theory
would still allow CSL to remain diagrammatically
proper. This application is thus worth exploring.

For the work here, a remedy to this defect can be
easily accomplished for the chain model considered here.

What we have done is just set apmpc and opcpc to have

the smallest values consistent with the value of opmpm
and the pos1t10ns of the CC’s around the chain backbone
That is, we let (7 = creff —oand 0 - 20,
subject to the constraint that all o*f = . Kll results
shown below for RO-RPA in the two-state explicit model
employ this additional prescription.

In Figure 3, is shown the polymer monomer—
monomer radial distribution function gnn(r) at pno® =
1071, as predicted by the RO-RPA theory in the
minimal model. The chains are fully charged, Z,, = 1,
and the chain length Ny, = 100. Also shown are the
predictions of the Laria—Wu—Chandler (LWC)5? and
Donley—Rajasekaran—Liu (DRL)?! theories in the mini-
mal model. For this chain length, p*0® ~ 1074, so this
density is effectively zero. At this interaction energy,
the correlation hole is much larger than the size of the
polymer, so the polymer can be modeled as a point
charge for polymer—polymer correlations. In this limit,
the DRL and LWC theories are the same and essentially
exact for gymm(r). It is well known that the RPA, while it
predicts correctly the dependence of gmax With density
in the dilute regime, gmax ~ p , also predicts a very
negative gmm(r) within the correlation hole range.
However, as can be seen, the RO-RPA yields a non-
negative gmm(r) as expected. Defining the correlation
hole size, &, as the distance at which g,m(r) reaches
1/2, one sees that the RO-RPA value for &, is within a
few percent of the exact value. The RO-RPA then
captures the essential characteristics of gnm(r) fairly
accurately at these extremely low densities.
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Figure 4. Effective chain charge fraction fer = f + ZpNpo/
Npn as a function of chain charge fraction, f, for various
theories and models. Here, pmo® = 3 x 1073. The meaning of
the curves is shown in the figure legend.

Since the radial distribution function is an isotropic
average, it is not directly proportional to the counterion
density distribution normal to a rod as computed by cell
models using PB theory,!13 so a direct comparison
between these quantities is not straightforward. How-
ever, since for polymer—counterion correlations RO-RPA
yields approximately the same predictions as the RPA,
it is not expected to perform as well as PB theory for
these. On the other hand, as shown below, this lack of
agreement may not matter much for polymer—polymer
correlations.

3.2. Effective Chain Charge Fraction. The defini-
tion of a CC does not appear to be that clear for finite-
density polyelectrolyte solutions as it is in the idealized
M—O limit (zero density, infinite chain length).56:15.28,29,564
As a consequence, quantities such as the number of CC’s
per chain are model dependent. Further, at nonzero
concentrations, the number of “free” counterions, as
defined by, e.g., conductivity measurements,’® is not
necessarily directly proportional to the fraction of non-
condensed counterions. The former depends on the
whole environment that a counterion is in, while the
latter is just a measure of the departure of polymer—
counterion correlations from whatever base theory is
being used. Nevertheless, it is possible to examine
effects within a particular model of condensation.

In Figure 4, is shown the effective charge fraction fos
= [+ Npo/NpmZpe as a function of chain charge fraction,
f, at constant density pmo® = 3 x 1072 within the two-
state models for RPA and RO-RPA. The meanings of
the curves are shown in the figure legend. As a refer-
ence, the dotted line gives the M—056 prediction. As
mentioned above, while the computation of Fi is
essentially exact for the implicit model, it is approximate
for the explicit model and tends to overestimate Ny.. We
then regard the predictions for fer as underestimates
for the explicit model (see the caveat below though).
Given that, it is surprising how little condensation is
predicted using the RPA theory. On the other hand, if
one uses the RPA form for the free energy along with
the RPA prediction for the g(r)’s, one obtains much more
condensation than is obtained using the more-accurate
eq 21. It is not uncommon in theory that an improve-
ment of one aspect does not always improve the theory
as a whole. It is interesting that one obtains much more
condensation for RO-RPA in the explicit case than the
implicit. In the explicit case, the CC’s tend to order
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periodically and this structure has a lower energy than
if they were all smeared out uniformly. It appears then
that intramolecular correlations between CC’s, ne-
glected in the original M—O theory, become important
for finite-density polyelectrolyte solutions.?6:57

The effective charge fraction, fefr, was also examined
as a function of density, pn, for fixed chain charge
fraction = 1. We find that fer decreases with decreasing
density down to p, ~ p*, the overlap density, for both
RPA and RO-RPA. Since fer — 1 as pm < p*, fofr appears
to reach a minimum near p*. For RPA, we find that fx
~ 0.92 for py0® = 0.03 but drops to fur ~ 0.63 for py,o®
= 1075 ~ p*¢. For RO-RPA, we find that fe ~ 0.70 for
om0® = 0.03 but drops to fer ~ 0.43 for puo® = 107° ~
p*0°. The predicted M—O threshold value for foi = 0.35
for our system, and so the RO-RPA result for for near
o* is not far above that value. It is well known that the
ordering in polyelectrolyte solutions (as determined by,
e.g., the reduced viscosity) is strongest at densities near
p*, so it appears that the stronger the interactions
become, the more condensation one obtains. Of course
if Npm — o, then p* — 0, so one presumably recovers a
result similar to that of M—O in that limit. However,
since the original M—O theories model the CC’s implic-
itly, it’s possible that fer goes below the M—O threshold
value in the explicit case.56:57

It is well known that D—H theory underestimates the
strength of polymer—counterion correlations above the
condensation threshold.? Since the density correlations
for the CC’s are determined by a simulation, it should
provide then a better estimate of these correlations. It
would seem then that a better estimate for the number
of CC’s could be obtained by allowing them to float freely
in a cloud about the polymer backbone.!® The cloud
radius, &, would then be determined by minimizing the
free energy with respect to both it and Ny.. We have
implemented this method for p,0® = 0.003. We find that
for f = 04 and f = 1.0, &g ~ 1.20 and &y > 8o,
respectively. We find much more condensation at large
f than the explicit CC model above predicts. Given the
arguments above, these values for & are reasonable.
However, for this density, the largest value that & can
be is (Npm/(Lpm))2 ~ 100. Hence, at f = 1.0, the clouds
are pretty much filling all space so all the counterions
are condensed. On the other hand, since the RPA is
being used as the base theory, these large clouds are a
problem. The reason is that the RPA, like almost all
approximate theories, assumes a sharp separation of
energy scales that allows one to partition atoms into
molecules. Monomers with relative positions that are
approximately unchanged on the time scale of the
measurement in which one is interested are considered
as molecules in the RPA theory. Those that are not are
considered as separate entities. Since the clouds are
like-charged, they repel each strongly. This behavior is
clearly unphysical since the counterions that are far
from the polymer do not act collectively and can move
freely past each other. One obtains then incorrect
predictions for the liquid structure even though one is
obtaining a better estimate for the free energy. The
lesson here is not an uncommon one:?® introducing
elements into the theory to increase the accuracy of one
quantity, such as the free energy, does not guarantee
that the accuracy for any other quantity will not
decrease, much less increase. At present, we are unable
to determine any physical criterion that would set the
value of &. Given this, setting &, to its minimum
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Figure 5. Scaled monomer—monomer structure factor Smm-
(@) pm as a function of scaled wavevector go for various theories
and models at various densities. The chains are completely
charged, so Z,, = f = 1. The solid, dashed, and dot-dot-dashed
lines correspond to results of the RO-RPA primitive, RO—RPA
two-state explicit, and RPA two-state explicit models, respec-
tively. For a given type of curve, the bottom, middle, and top
curves correspond to densities pno® = 3 x 1073, 3 x 1074, and
3 x 107°, respectively.

possible value of o, as done in the two-state explicit
model above, is most reasonable. We then regard the
two-state explicit model as underestimating the amount
of condensation at large f.

3.3. Structure Factor. Next, we examine results for
more experimentally observable quantities such as the
monomer—monomer structure factor and susceptibility.
Figure 5 shows predicted values for the scaled monomer—
monomer structure factor Sym(q)pom as a function of
scaled wavevector go for the RO-RPA primitive and two-
state explicit and RPA two-state explicit theories at
various densities. The chains are fully charged, Z,, = f
= 1. In the semidilute regime, it is well known that
Qmax scales with monomer density as p,, with v ~
0.5.20,21,48,59.60 The RPA two-state yields v ~ 0.37. This
value is slightly above the usual one for RPA for rods,
1/3. The probable reason for this difference is that, as
the number of CC’s increases with decreasing density,
gmax decreases faster than it does without them. Both
RO-RPA models give v ~ 0.48—0.49, which is consistent
with the accepted value. So, it seems that the RO-RPA
is modeling correctly the polymer—polymer correlation
hole. The peak position, Snm(gmax)/pm, increases with
decreasing density for all theories as expected.

_ Figures 6—8 show results for gmax, Smm(qmax)/pm, and
Smm(0) pm, respectively, as a function of charge fraction,
f, at constant density pno® = 3 x 1073 for various
theories and models. At small £, gmax, Smm(@max)om, and
Smm(0)pm increase, decrease, and decrease, respectively,
with increasing f with both RPA and RO-RPA being
almost in quantitative agreement. Differences between
the two theories at small f'are due to RO-RPA capturing
the hard-core behavior of the chains at the level of
PRISM theory. On the other hand, at large f > 0.4, it is
clear that range optimization completely changes the
character of the RO-RPA theory. In contrast to the RPA,
RO-RPA in the minimal model predicts that all these
quantities become pretty much constant. This invari-
ance of gmax and Smm(gmax)/pm 18 in qualitative agree-
ment with experiments on flexible polyelectrolytes of
Nishida, Kaji, and Kanaya (NKK)26 and Essafi, Lafuma,
and Williams (ELW).27 Note that adding explicit coun-
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Figure 6. Scaled peak wavevector, gmax0, of the monomer—
monomer partial structure factor Sum(q) as a function of the
average fraction of charged monomers per chain f for pno® =
3 x 1073 for various theories and models. The meaning of the
curves is shown in the figure legend.
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Figure 7. Scaled peak height of the monomer—monomer
partial structure factor Smm(gmax/pm as a function of the
average fraction of charged monomers per chain f for various
theories and models. The conditions are the same as in Figure
6.

terions via the primitive model and condensed counter-
ions via the two-state models produce only moderate
change in the theoretical trends for all three quantities.

To help determine the validity of the RO-RPA theory,
we also show results for two other theories: LWC?2 and
DRL.2! The reference version of LWC62 has been applied
to polyelectrolyte solutions by Shew and Yethiraj20:23
and others.?> Both DRL and LWC are approximations
to the “two-chain” equation®3-:3 for the radial distribu-
tion function. The main difference between them is that
DRL includes more monomer-level correlations that
allow the theory to handle hard-core interactions and
possibly better describe molecules with oppositely charged
sites. Laria, Wu, and Chandler have discussed the
consequences of their approximation for this latter
system.?? In the primitive model, we were able to find
convergent solutions for both LWC and DRL up to /' ~
0.5 for the case considered here. Whether a solution
exists for these theories for this model at higher charge
densities is an open question.21:25 On the other hand,
there appears to be no such problem for these theories
within the minimal model. Thus, since we find no
significant differences between the models for Sym(q)
for the case here, only results for the minimal will be
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Figure 8. Scaled susceptibility of the monomer—monomer
partial structure factor Smm(0)/pm as a function of the average
fraction of charged monomers per chain f. The conditions are
the same as in Figure 6. The effectively straight lines are the
RPA and LWC predictions, which overlap.

shown. As can be seen, the DRL® theory also produces
an invariance at large f and agrees almost quantita-
tively with RO-RPA at all values of f. Such agreement
is notable because the DRL theory can be regarded as
more sophisticated than RO-RPA. DRL builds in the
proper low-density behavior in the atomic case (as LWC
does) and includes molecular- and monomer-level cor-
relations not present in the RPA theory.?! Range
optimization seems to incorporate these correlations
well enough to yield effectively the same result, but in
a simpler manner. LWC also agrees with RO-RPA for
Qmax, but not for Snm(@)pm and Sum(0)/pm at large f.
Indeed, the predictions of LWC for S;m(0)/pn are es-
sentially identical to those of the RPA. In the absence
of any hard comparison with simulation or experiment,
the proper behavior at large f is unknown. However,
given the close agreement of RO-RPA and DRL and
given that DRL can be regarded as an improvement on
LWC, we regard the predictions of RO-RPA to be more
realistic.

It can be argued that since the D—H screening length
& ~ 30 at the highest charge fraction for this density,
all counterions are so close to the chain that they act
as condensed ones. Hence, at lower densities where &
is much larger, this invariance may not hold for theories
that model polymer—counterion correlations at the level
of D—H theory. To explore this issue, we also examined
the behavior of these quantities at much lower densities.
Figures 9 and 10 show results for gmax and Smm(qmax)/
Pm, Tespectively, as a function of charge fraction, f, at
various densities for various theories and models. The
smallest density gives £ ~ 300 at f = 1. As can be seen,
gmax becomes even more invariant at lower densities
with the onset occurring at /'~ 0.2 for both theories at
the lowest density. This onset value is lower than that
obtained using a M—O counterion condensation argu-
ment, 0.35. Experiments of NKK?6 seem to show that
the onset is approximately the same for all the densities
they examined and agrees roughly with the M—O value;
hence, it is possible that chain flexibility has some effect
here. The invariance of Spm(@max)/pm at these lower
densities is less than that for the highest one. The only
quantitative experimental evidence for an invariance is
due to ELW, and their data is for densities near the
largest one covered here: pno® =3 x 1073.27 However,
since the amount of condensation increases as pm — p*,
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Figure 9. Scaled peak wavevector, gmax0, of the monomer—
monomer partial structure factor Snm(q) as a function of the
average fraction of charged monomers per chain f for various
densities and theories. The meaning of the type of curves is
shown in the figure legend. For a given type of line, the top,
middle, and bottom curves correspond to densities pmo® = 3 x
1073, 3 x 1074, and 3 x 107?, respectively.
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Figure 10. Scaled peak height of the monomer—monomer
partial structure factor Smm(gmax/om as a function of the
average fraction of charged monomers per chain f for various
densities and theories. For a given type of line, the bottom,
middle, and top curves correspond to densities p0® =3 x 1073,
3 x 1074, and 3 x 107°, respectively.

it is expected that the difference between the predictions
of the minimal and two-state models to be greatest for
Smm(@max)/pm near p*. An explanation for this invariance
with f seen by the theory is due to screening: as f
increases, the repulsion between polymer chains in-
creases; on the other hand, charge neutrality forces
more and more counterions into the solution which
increases the screening between polymers. At small f,
polymer and counterion correlations are weak, but at
large f, they increase such that one reaches a balance
between polymer—polymer repulsion and counterion
screening.

The RO-RPA in the primitive and two-state explicit
models predict (not shown) that the susceptibility yr =
Smm(0)/pm increases with decreasing density down to
about pno® &~ 3 x 1075, reaches a maximum, and then
decreases again with decreasing density. This maximum
occurs at about 3p*. The RPA predicts that Sym(0)/pm
increases with decreasing density down to the smallest
density we examined, p,0° = 1076 = p*¢3/10. Normally,
this maximum in the susceptibility predicted by the RO-
RPA would be associated with a maximum of CC’s, but
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the RO-RPA primitive gives basically D—H polymer—
counterion correlations, i.e., it does not contain any CC’s.
So, presumably the maximum in Syum(0)/om is due to
polymer—polymer correlations. The susceptibility is
equal to 1/pm(3pm/dum)v,r = (3I1/dpm)v,r !, where un is
the monomer chemical potential and IT is the osmotic
pressure. This latter derivative is then also a maximum
near p*.

The results above for the susceptibility prompt two
questions: 1) Since the structure route is being used,
how realistic are these predictions within the minimal
or primitive models? 2) How are the predictions of these
models for the susceptibility relevant to real polyelec-
trolyte solutions? Consider question 1 first. Almost all
theories of charged systems predict no divergence of the
structure factor near an apparent critical point.®> This
thermodynamic inconsistency also holds for the present
theory (at least within the minimal and primitive
models). The difference between the free energy and
structure routes for computing thermodynamic quanti-
ties is one of cause versus mechanism. The free energy
route merely compares the energy of two possible states;
the structure route gives an indication of ~ow the phase
separation occurs. Since it is known that charged liquids
can phase-separate from the solvent under certain
conditions and the free energy route has been shown to
predict this,3066 it appears then that that route should
be used preferably to compute any thermodynamic
quantity. Hence, the above predictions for the suscep-
tibility from the structure route, while probably correct
within the minimal model, should be interpreted with
caution for models with explicit counterions. On the
other hand, as shown in the next section, the theory
above can also be used to compute the osmotic pressure
from the free energy route. We find that (3I1/dpm)v,r?
~ 6 for f = 1 at the above density for the two-state
explicit model. This value is not that far above that
predicted by the structure route. Now, consider question
2. It is unclear at present what is the behavior of the
susceptibility of a “model” polyelectrolyte solution. There
are many scattering experiments that show very large
low-wavevector scattering, i.e., a “slow mode”.2~461 On
the other hand, of the experiments that measure the
density dependence of the osmotic pressure?!! we know
of none that show any anomalously small variation of
IT with density pn, that would indicate the same effect.
There have been arguments that if the “slow mode”
phenomenon is indeed intrinsic to polyelectrolyte solu-
tions, it is due to ingredients not contained within the
primitive (or minimal) model of polyelectrolytes.2 Our
results here do not contradict these arguments.

3.4. Osmotic Pressure. While this theory is prima-
rily one for liquid structure, it is interesting to examine
its predictions for the osmotic pressure. Since the system
contains only an implicit solvent, the osmotic pressure
IT = (3F/dV)rN,, Where Fiy is given by eq 20 above.
As we've already computed Fio to determine Ny, this
derivative is determined using finite differences. The
osmotic pressure of polyelectrolyte solutions has been
examined intensely by experiment, simulation, and
theory;>%11 however, there is one interesting aspect that
we believe the RO-RPA theory can illuminate.

In Figure 11, the scaled pressure, I1/py, is plotted as
a function of the charge fraction, £, for fixed density pmo®
= 3 x 1072 for various theories and models. The
quantity I1/p, equals the osmotic coefficient ¢ at f= 1
since pm = p. there. At small f, the pressure increases
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Figure 11. Scaled osmotic pressure I1/p,, (equals the osmotic
coefficient at f = 1 since pm = p. there) as a function of per
chain charge fraction f for density pmo® = 3 x 1072 for various
theories and models. The break in the dotted curve is due to
the overlap of the figure legend.

with increasing f for all theories and models. At f~ 0.4
and 0.5 for the RO-RPA and RPA theories, respectively,
the pressure reaches a maximum and then starts to
decrease with increasing f. The RPA primitive predicts
that I/p, &~ 0.075 at f = 1 which also is its value at f =
0.1. Adding CC’s increases this value somewhat to 0.125
at f = 1.7 On the other hand, RO-RPA primitive
predicts that the pressure becomes negative at large f,
implying that the system becomes unstable to mac-
rophase separation. Since there appears to be no
evidence that model polyelectrolytes with monovalent
counterions phase separate at these Bjerrum lengths,11:14
what is the reason for this behavior?

A probable one is due to the asymmetry of range
optimization: it improves correlations between repul-
sive monomers but yields less improvement for attrac-
tive ones. It would seem then that improving polymer—
counterion correlations by adding condensed counterions
would remedy matters. As can be seen, adding CC’s with
the two-state implicit model helps to stabilize the
system somewhat, but IT is still negative at f = 1.
However, adding CC’s with the two-state explicit model
stabilizes the solution. Indeed, the explicit model gives
a value of IT/py, ~ 0.13 at f = 1, which is not deeply far
below its peak value of 0.19. It is interesting that IT/pp,
is a maximum at a charge fraction just above the M—O
counterion condensation onset value f* = 0.35. Recent
experiments on flexible polyelectrolytes have shown that
the osmotic pressure as a function of f can become pretty
much constant above this threshold.®® Our results are
only in partial agreement with that, though if we had
set the cloud radius &1 = 20, I1 would have been
constant for f > 0.4. Hence, the uncertainty in &g and
differences in chain structure?® are two possible reasons
for this lack of agreement. It is expected that the osmotic
pressure becomes insensitive to the degree of accuracy
of the CC model once that model has reached a certain
level of realism. From the above results, it appears that
the two-state explicit model is close but more work
needs to be done.

This stabilization by counterions (or just charges) is
a common property of many complex fluids.*86%70 It is
interesting that, on one hand, a local, microphase
separation of the counterions with single chains stabi-
lizes the fluid, but at lower temperatures, even this
energy drop can be insufficient such that the polymers
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Figure 12. Osmotic coefficient, ¢ = I1/p., as a function of
scaled counterion density p.b3. The solid and open circles
correspond to experimental data on PPP-1 of Blaul et al. for
chlorine and iodine counterions, respectively. The solid, dashed,
and dot-dashed (with diamonds) lines correspond to predictions
of the RO-RPA theory within the primitive model by the
structure route, minimal model by the structure route, and
primitive model by the free energy route, respectively. The dot-
dot-dashed line is the prediction of Poisson—Boltzmann theory
within the cell model.

and counterions eventually macrophase-separate from
the solvent.

Last, we show results for the osmotic coefficient, ¢ =
I1/p., as a function of density. We compare the predic-
tions of the present theory with recent experiments of
Blaul, Wittemann, Ballauff, and Rehahn using a fully
charged rodlike polymer with a poly-p-phenylene back-
bone, denoted as PPP-1.11.71.72 For their system, /g = 7.3
A b=43A Npn~40,Z,=2,Z.=—1,0n,~7A, and
Occ ~ 4.4 A. Presumably then, onm ~ 9.6 A. Since we
are using the primitive model in which all hard-core
diameters are the same, we let o;; = b for all i and ;.
The interaction energy of this system is larger than the
one considered above, so that, from a Manning argu-
ment, we can expect that Nyo/Npm =~ 1.4. As mentioned
above, the accuracy of our model of CC’s is limited to
Np/Npm = 1/2; hence, it is not expected to be that
quantitatively accurate here. We have performed some
rough calculations that show that RO-RPA within the
two-state explicit model will give a value for ¢ some-
where between 0.13 and 0.2 for semidilute densities
(ignoring very high densities). However, any further
increase in accuracy requires an improvement in this
CC model. Hence, we do not show results of the two-
state explicit model here. However, we do show results
for the primitive model for both the structure and free
energy routes. Both these results are incorrect given our
arguments above, but they do show some interesting
aspects of our theory and the rod polyelectrolyte system
itself.

In Figure 12, is shown the osmotic coefficient, ¢, as a
function of scaled counterion density p.b° for the RO-
RPA in the primitive model computed from the struc-
ture and free energy routes and in the minimal model
from the structure route. Also shown are data of Blaul
et al. using chlorine and iodine (monovalent) counter-
ions’! and the predictions of Poisson—Boltzmann theory
in the cell model.”-72 Surprisingly, the structure route
results for RO-RPA show a large decrease in the osmotic
pressure in the semidilute regime (o} 6% ~ 1072 for this
system) so that the minimum of ¢ ~ 0.25—0.27 which
is only about 35% above the experimental values for the
chlorine ion data. It appears then that polymer—
polymer correlations are mimicking the effects of coun-
terion condensation in a similar manner as they do for
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S’mm(q) mentioned in Section 3.3 above. On the other
hand, ¢ by the free energy route is very negative for
densities in or near the semidilute regime. At large
densities, there should be a transition to a nematic
phase for rods. However, as for the case shown in Figure
11 above, including explicit condensed counterions is
expected to stabilize the system before this transition
is reached. In this figure, the agreement between PB
theory and experiment appears to be very good, as is
the agreement between PB theory and molecular dy-
namics simulations of the cell model on the same system
(data not shown) in the same dilute density range as
that covered by the experimental data.”

4. Summary and Conclusions

In conclusion, we have presented a new optimization
scheme that improves substantially the predictive power
of the RPA theory for the structure of polyelectrolyte
solutions. For example, it enables the RPA to predict
well the zero density form of the monomer—monomer
radial distribution function and yield the accepted
scaling exponent of qmax with density, 1/2. As applied
to the RPA, this scheme can be regarded as one way to
extend polymer—RISM theory to charged molecules.

We showed that this range-optimized RPA in the
minimal model predicts an invariance in the peak
position and peak height of the structure factor at high
charge fraction, f, in qualitative agreement with recent
experimental data of Essafi, Lafuma, and Willaims.2”
We find that this invariance is strongest for gmax at
lower densities near p* and is strongest for Spnm(gmax)
at higher densities (excluding melt-like densities). We
also showed that another theory, DRL, gave very similar
results adding weight to the conclusion that this pre-
dicted behavior is indeed correct within the minimal
model. We thus find that it is not necessary to invoke
more complex mechanisms, such as counterion conden-
sation, to explain these effects. It appears then that this
invariance may be a more general property of such
systems than any particular physical mechanism that
can cause it. On the other hand, for the osmotic
pressure, we find that CC’s are a necessary element in
(or at least one means of) stabilizing the liquid against
macrophase separation—but one must go beyond the
M-O theory and include intrachain correlations be-
tween CC’s to produce this physical behavior. For
thermodynamics, it then seems to be important to
balance improvements in correlations between like-
charged monomers (as done by the range-optimization
scheme) with those for oppositely charged monomers (as
done by including condensed counterions). It is interest-
ing then to note the contrast between the ingredients
needed to produce signature behavior for the liquid
structure and those for the liquid thermodynamics.

In Section 3.3, we noted that there is an inconsistency
between experiments that show an anomalously large
scattering intensity at low wavevectors and those that
measure the osmotic coefficient. Our theory here gives
values for the susceptibility from both the structure and
free energy routes that are only comparable to the scaled
peak value, Sym(@max)/pm, not orders of magnitude
larger. This result could be expected since effects such
as “counterion-induced attractions” are not modeled well
here since the base theory is RPA. However, the theory’s
predictions for the osmotic pressure when the two-state
explicit model is used are comparable with those
obtained from experiment and Poisson—Boltzmann
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theory. It seems then that the origin of this large low-
wavevector scattering, aka, “slow mode”, may be other
than a large polyelectrolyte susceptibility. To help
clarify this situation, it would be very useful to have a
set of experiments on the same system that compute
(aI1/0pm)v,r by different methods, including light scat-
tering, to determine if a consistent measurement is
obtained if a slow mode is present.

Improvements in our chain model are necessary to
make detailed comparisons with simulations or experi-
ments of flexible polyelectrolytes. The range-optimiza-
tion procedure as applied to the RPA may be adequate
for this task, but it is general enough to be employed in
other theories if necessary. As discussed in Section 2.1,
it can be applied to any approximate theory that violates
the positivity requirement on the radial distribution
functions. It is possibly of use then to applications of
the CSL43~%5 (see also the discussion in Section 3.1
above), Wertheim,?%73~7> and other generalizations of
OZ theory to polyelectrolytes. Since this positivity
requirement on g(r) can also be violated at low temper-
atures for electrolytes, this technique may also find use
in OZ-MSA theory.
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